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\S 2.
Sch\"olkopf and Smola (2002)
\S 2.1.
$\Omega$ $k$ $\mathcal{H}$
(i) $xt_{-}^{-}-\Omega$ $k(\cdot, x)\in \mathcal{H}$
$\{k(\cdot, x)\in \mathcal{H}|x\in\Omega\}$ $\mathcal{H}$ (ii) $f\in \mathcal{H}$ $x\in\Omega$















(2) $\Phi:\Omegaarrow \mathcal{H}$ , $x\vdash*k(\cdot,x)$
$X_{i}$ $\Phi$
$\mathcal{H}$














(Kernel PCA, Sch\"olkopf et al., 1998) $\mathbb{R}^{rn}$
(2) $\Phi(X_{1}),$ $\ldots,$ $\Phi(X_{n})$
$\mathcal{H}$ 1
:






$\ldots$ , $\Phi(x_{\tau\iota})-\hat{m}\}$ $n-1$
$f= \sum_{j=1}^{ll}a_{j}(\Phi(X_{j})-\hat{m})$
($aj$ ) $f$ (3)








(Represeiiter , Sch\"olkopf and Smola (2002), Section 4.2)
$n$
$\mathbb{R}^{m}$
$k_{d,c}^{poly}(x,y)=(x^{T}y+c)^{d}$ $(c\geq 0,d\in N)$ .
RBF(Radial Basis Function)
$k_{\sigma}^{G}(x,y)= \exp(-\frac{\Vert x-y\Vert^{2}}{2\sigma^{2}})$ , $(\sigma>0)$ ,
$k_{\beta}^{L}(x, y)= \exp(-\beta\sum_{i=1}^{rn}|x_{i}-y_{i}|)$ $(\beta>0)$
$k_{d_{!}c}^{poly}$ $(c>0)$
$d$ RBF












$\mathcal{H}$ $F$ $E[\Vert F\Vert]<\infty$ $F$
$E[F|\in \mathcal{H}$
$nx_{F}$
(6) $E[\langle F, f\rangle_{\mathcal{H}}]=\langle rn_{F},$ $f\rangle_{\mathcal{H}}$ $(\forall f\in \mathcal{H})$
Riesz (6) $m_{F}$
$(\mathcal{X}, \mathcal{B})$ $X$ $\mathcal{X}$ $\mathcal{H}$ $\mathcal{X}$
$k$
(A-1) $E[k(X, X)]<\infty$
$\Phi$ : $\mathcal{X}arrow \mathcal{H}$ $\Phi(x)=k(x, \cdot)$ $\Vert\Phi(X)\Vert_{\mathcal{H}}^{2}=$
$k(X, X)$ (A-1) $F$ $\Phi(X)$ 2 $\mathcal{H}$
$\Phi(X)$ $7ll_{X}$ (6)
(7) $\langle f,rn_{X}\rangle_{\mathcal{H}}=E[f(X)]$ $(\forall f\in \mathcal{H})$
$m_{X}\in \mathcal{H}$ $X$ $\mathcal{H}$ $X$ $P$







$r$ $m_{r}=E[X^{r}|$ $(0\leq r\leq d)$
$m_{r}=\langle X^{r},$ $m_{X}\rangle_{\mathcal{H}}$
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$(\mathcal{X}, \mathcal{B}_{\mathcal{X}}),$ $(\mathcal{Y}, \mathcal{B}_{\mathcal{Y}})$
$(X, Y)$ $\mathcal{X}\cross \mathcal{Y}$ $k_{\mathcal{X}},$ $k_{\mathcal{Y}}$
$\mathcal{X},$ $\mathcal{Y}$ $\mathcal{H}_{\mathcal{X}},$ $\mathcal{H}_{\mathcal{Y}}$ $k_{\mathcal{X}},$ $k_{\mathcal{Y}}$
(A-1)
$\mathcal{H}_{\mathcal{X}}\otimes \mathcal{H}_{\mathcal{Y}}$ $\mathcal{H}_{\mathcal{X}}$ $\mathcal{H}_{\mathcal{Y}}$ 2
$\Phi_{\mathcal{X}}(x)=k_{\mathcal{X}}(\cdot, x),$ $\Phi y(y)=ky(\cdot, y)$ $\mathcal{H}x\otimes \mathcal{H}y$ $G_{XY}=$
$(\Phi_{\mathcal{X}}(X)-m_{X})\otimes(\Phi y(Y)-mY)$ $mc$ (7)
$f\in \mathcal{H}_{\mathcal{X},g}\in \mathcal{H}y$
$\langle\iota n_{G},$ $f\otimes g\rangle_{\mathcal{H}_{X}\otimes \mathcal{H}_{\mathcal{Y}}}=E[f(X)g(Y)]-E[f(X)]E[g(Y)]=$ Cov$[f(X),g(Y)]$
$m_{G}\in \mathcal{H}_{1}\otimes \mathcal{H}_{2}$ $\mathcal{H}_{1}$ $\mathcal{H}_{2}$
$\Sigma_{YX}$ : $\mathcal{H}_{\mathcal{X}}arrow \mathcal{H}y$
(8) $\langle g,$ $\Sigma_{yX}f\rangle_{\mathcal{H}_{\mathcal{Y}}}=$ Cov$[f(X),g(Y)]$
$f(X)$ $g(Y)$ $\Sigma_{1’X}$
(X $\iota\nearrow$ ) 3 $Y=X$ $\Sigma_{XX}$
(Baker, 1973)
$\Sigma_{YX}$ 1 $V_{YX}$ : $\mathcal{H}_{\mathcal{X}}arrow \mathcal{H}_{\mathcal{Y}}$
$\Sigma_{YX}=\Sigma_{1’Y}^{1/2}V_{YX}\Sigma_{X\lambda^{-}}^{1/2}$
$\mathcal{R}(V_{YX})\subset\overline{\mathcal{R}(\Sigma_{1’1’})},$ $\mathcal{N}(V_{YX})^{\perp}\subset\overline{\mathcal{R}(\Sigma_{XX})}$ $\mathcal{N}(A)$ $\mathcal{R}(A)$
$A$
\S 3.2.
2 $k_{\mathcal{X}}ky$ $\mathcal{X}x\mathcal{Y}$ $|$- $\mathcal{H}_{\mathcal{X}}$ $\mathcal{H}y$ $\mathcal{H}_{\mathcal{X}}\otimes \mathcal{H}_{\mathcal{Y}}$
o Aronszain (1950)






$\mathcal{P}arrow \mathcal{H}_{\mathcal{X}}$ , $P\mapsto m_{P}$
$k$
$\mathcal{H}$










$f+c$ $(f\in \mathcal{H}, c\in \mathbb{R})$
. $P,$ $Q\in \mathcal{P}$ $m_{P}=m_{Q}$ $P\neq Q$
$P-Q$ $|P-Q|$ $\mathcal{H}+\mathbb{R}$ $L^{2}(|P-Q|)$
$\epsilon>0$ $A\in \mathcal{B}_{\mathcal{X}}$ $f\in \mathcal{H}+\mathbb{R}$ $\int|f-I_{A}|d(|P-Q|)<$
$\epsilon$
$|(E_{P}[f(X)]-P(A))-(E_{Q}[f(X)]-Q(A))|<\epsilon$
$rr\iota_{P}=m_{Q}$ $|P(A)-Q(A)|<\epsilon$ $\epsilon$ $P\neq Q$
$P=Q$ $k$
$k$ $P\in \mathcal{P}$ $\mathcal{H}+\mathbb{R}$ $L^{2}(P)$
$f\in L^{2}(P)(f\neq 0)$
$\varphi\in \mathcal{H}$ $\int f\varphi dP=0$ $\int fdP=0$ $c= \frac{1}{||f||_{1_{d}^{1}(.I^{l})}}$
$Q_{1},$ $Q_{2}$
$Q_{1}(E)=c/E|f|dP$, $Q_{2}(E)=c/E(|f|-f)dP$













3.2 Sriperumbudur et al. (2008). $\mathbb{R}^{m}$
$k(x, y)=\phi(x-y)$ $\mathbb{R}^{m}$ A
(10) $k$
$Supp(\Lambda)=\mathbb{R}^{m}$ $\mu$











$\mu*\phi=0$ $0$ $\hat{\mu}$ $supp(\Lambda)=\mathbb{R}^{m}$
$\hat{\mu}=0$ $\mu=0$
$k$ $Supp(\Lambda)\neq \mathbb{R}^{m}$ $\phi$
$Supp(\Lambda)$ $c\infty$ $g$
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$S\iota\iota pp(g)\cap S_{l1}I)p(\Lambda)=\emptyset,$ $g(-x)=g(x)$ , $g(O)=0$













Gretton et al. (2007)
$m_{X}$





$\ldots$ , Y $(\mathcal{X},$ $\mathcal{B})$ $P$
$Q$ i.i. $d$ . $P=Q$ $P\neq Q$
$k$ $\mathcal{X}$ $k$
$\mathcal{H}$ $P$ $Q$ $\mathcal{H}$ $m_{P},$ $7n_{Q}$
$\Lambda/I(P, Q)\equiv\Vert m_{P}-m_{Q}\Vert_{\mathcal{H}}^{2}$
$P=Q$ $M(P, Q)=0$ (7)
(11) $M(P, Q)=E[k(X,\tilde{X})|-2E[k(X, Y)]+E[k(Y,\tilde{Y})|$
$X,\tilde{X}$ $P$ $Y,\tilde{Y}$ $Q$
$m_{P}$ $m_{Q}$ (4)
(12) $P$ $= \frac{1}{n}\sum_{i=1}^{n}$ $)$ , $\hat{m}Q=\frac{1}{n}\sum_{i=1}^{n}k(\cdot,Y_{i})$
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$\Lambda\hat{/}I_{n}(P, Q)=\Vert\hat{m}_{P}-\hat{m}_{Q}\Vert_{\mathcal{H}}^{2}$
(13) $\hat{h}I_{n}(P,$ $Q)= \frac{1}{n^{2}}\sum_{i=1}^{n}\sum_{j=i}^{n}\{k(X_{i},$ $X_{j})-2k(X_{i}, Y_{j})+k(Y_{i},$ $Y_{j})\}$
$P=Q$ $A\hat{j}I_{n}(P, Q)$ $\uparrow 1arrow\infty$ $0$
$n$
( ) $narrow\infty$ $n\Lambda\hat{f}_{n}(P, Q)$
$($Gretton et al., $2007)$
Gretton et al. (2007) (2008)
\S 3.3.
2 $\mathbb{R}^{\prime n}$ $X,$ $Y$
$\Phi_{\mathcal{X}}(X),$ $\Phi_{\mathcal{Y}}(Y)$
3. 1
3.3. $(\mathcal{H}_{1}, k_{1}),$ $(\mathcal{H}_{2}, k_{2})$ $\mathcal{X},$ $\mathcal{Y}$
$k_{\mathcal{X}}k_{\mathcal{Y}}$ $\mathcal{X}\cross \mathcal{Y}$ $(X, Y)$ $\mathcal{X}\cross \mathcal{Y}$
(A-1)
(14) $X\coprod Y$ $\Leftrightarrow$ $\Sigma_{XY}=O$ ( )
O $X\coprod Y$ $X$ $Y$
. $(X, Y)$ $P_{X1’\text{ }}$ $X,Y$






$X\coprod Y$ $\Leftrightarrow$ $E_{XY}[e^{\sqrt{-}uX}e^{\sqrt{-1}v^{I^{\gamma}}Y}]\tau’=E_{X}[e^{\sqrt{-1}u^{T}X}]E_{Y}[e^{\sqrt{-1}\iota^{T}Y}]$





(16) $\Sigma_{YX}^{(n)}^{\wedge}=\frac{1}{n}\sum_{i=1}^{n}(k_{\mathcal{Y}}(\cdot,$ $Y_{i})-\hat{m}\gamma)$ $\langle($ $\chi$ $(\cdot,$ $X_{i})-\hat{m}x),$ $\cdot\rangle_{\mathcal{H}_{X}}$
(15)
$\Vert m_{P_{XY}}-m_{P_{\lambda}\cdot\otimes P_{Y}\Vert_{\mathcal{H}_{\lambda^{9}}\otimes \mathcal{H}y}^{2}}$
$\Sigma_{YX}$




( $(X,$ $1^{-}’)$ $(X,$ $Y)$ )
$\Vert\Sigma_{YX}^{(n)}^{\wedge}\Vert_{HS}^{2}=\frac{1}{n^{2}}\sum_{i,j=1}^{n}k_{\mathcal{X}}(X_{i},X_{j})k_{\mathcal{Y}}(Y_{i},Y_{j})$
$- \frac{2}{n^{3}}\sum_{i=1}^{n}\sum_{j=1}^{n}k_{\mathcal{X}}(X_{i}, X_{j})\sum_{=p1}^{n}k_{\mathcal{Y}}(Y_{i},Y_{l})$
$+ \frac{1}{n^{4}}\sum_{i,j=1}^{n}k_{\mathcal{X}}(X_{i}, X_{j})\sum_{\ell,r=1}^{r\iota}k_{\mathcal{Y}}(Y_{\ell}, Y_{r})$
$\Vert\Sigma_{1’X}^{(n)}^{\wedge}\Vert_{HS}^{2}$ $\Vert\Sigma_{YX}\Vert_{HS}^{2}$
$\Vert\Sigma_{Y_{J}\backslash }^{(n)}^{\wedge}\cdot-\Sigma_{YX}\Vert_{HS}=$
$O_{p}(n^{-1/2})$ 4 (Fukumizu et al., 2007) $\Vert\Sigma_{YX}^{(n)}\Vert_{HS}^{2}\wedge$
Gretton et al.
(2008)














et al. $(2004, 2008b)$
$(\mathcal{X}, \mathcal{B}_{\mathcal{X}}),$ $(\mathcal{Y}, \mathcal{B}y),$ $(\mathcal{Z}, \mathcal{B}_{Z})$ $(X, Y, Z)$ $\mathcal{X}\cross \mathcal{Y}\cross \mathcal{Z}$
$k_{\mathcal{X}}$ , $\mathcal{Y}$ , $k_{Z}$ $\mathcal{X},\mathcal{Y},$ $\mathcal{Z}$ (A-1)
$\mathcal{H}_{\mathcal{X}},$ $\mathcal{H}_{\mathcal{Y}},$ $\mathcal{H}_{\mathcal{Z}}$
$\mathcal{X}$ , $k_{\mathcal{Y}},$ $k_{Z}$
$P_{X},$ $P_{Y},$ $P_{Z}$
$\mathcal{H}$ $P_{Z}$ 2 $\mathcal{H}arrow$
$F$ : $\mathcal{Z}arrow \mathcal{H}$ $E[\Vert F(Z)\Vert_{\mathcal{H}}^{2}]<\infty$ $\mathcal{H}$-
$\{F:\mathcal{Z}arrow \mathcal{H}|E\Vert F(Z)\Vert^{2}]=0\}$
$L^{2}(\mathcal{Z};\mathcal{H}, P_{Z})$ $(F, G)_{L^{2}(\mathcal{Z};\mathcal{H},P_{Z})}’=$
$E[\langle F(Z), G(Z)\rangle_{\mathcal{H}}]$
$L^{2}(\mathcal{Z};\mathcal{H}, P_{Z})\cong L^{2}(\mathcal{Z},P_{\mathcal{Z}})\otimes \mathcal{H}$
$\phi_{i}\in L^{2}(Z,$ $P_{\mathcal{Z}})$ $f_{i}\in \mathcal{H}$ $(i=1, \ldots, n)$
$[z \mapsto\sum_{i=1}^{n}\phi_{i}(z)f_{i}]\in L^{2}(\mathcal{Z};\mathcal{H}, P_{Z})$ $\sum_{i=1}^{r\iota}\phi_{i}\otimes f_{i}\in L^{2}(Z, P_{\mathcal{Z}})\otimes \mathcal{H}$
$\mathcal{H}=\mathcal{H}x$ $L^{2}(Z;\mathcal{H}_{\mathcal{X}},$ $P_{Z})$
$L^{2}(\mathcal{Z};\mathcal{H}_{\mathcal{X}}, P_{Z})\ni\Phi$ $\mapsto$ $E[\langle\Phi(Z),$ $k_{\mathcal{X}}(\cdot,X)\rangle_{\mathcal{H}_{X}}]\in \mathbb{R}$
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$|E[\langle\Phi(Z),$ $k_{\mathcal{X}}(\cdot, X)\rangle_{\mathcal{H}_{\mathcal{X}}}]|\leq E[\Vert\Phi(Z)\Vert_{\mathcal{H}_{\mathcal{X}}}\Vert k(\cdot, X)\Vert_{\mathcal{H}_{X}}]$
$\leq\sqrt{E\Vert\Phi(Z)\Vert_{\mathcal{H}_{\lambda}}}\sqrt{E[k_{\mathcal{X}}(X,X)]}$
Riesz $M_{X|Z}\in L^{2}(\mathcal{Z};\mathcal{H}, P_{Z})$ $\Phi\in$
$L_{2}(\mathcal{Z};\mathcal{H}_{\mathcal{X}}, P\prime z)$
$\langle\Lambda l_{X|Z},$ $\Phi\rangle_{L^{2}(\mathcal{Z};\mathcal{H}_{\lambda^{J}},P_{Z})}=E[\langle\Phi(Z),$ $k_{\mathcal{X}}(\cdot, X)\rangle_{\mathcal{H}_{\mathcal{X}}}]$
$\Phi=\phi\otimes f(\phi\in L^{2}(\mathcal{Z}, P_{\mathcal{Z}}), f\in \mathcal{H}_{\mathcal{X}})$




(19) $\langle M_{X|Z},$ $f\rangle_{\mathcal{H}_{\lambda}},$ $=E[f(X)|Z|$
$\Lambda l_{X|Z}$ $Z$ ($\mathcal{H}_{\mathcal{X}}$ ) $X$
$AI_{X|Z}\in L_{2}(\mathcal{Z};\mathcal{H}_{\mathcal{X}}, P_{Z})$ $hI_{Y|Z}\in L_{2}(\mathcal{Z};\mathcal{H}y, P_{Z})$ $Z$
$X$ $Y$ $A/I_{X|Z}\otimes A/I_{Y|Z}$ $L_{1}(\mathcal{Z};\mathcal{H}_{\mathcal{X}}\otimes$
$\mathcal{H}_{\mathcal{Y}},$ $P_{Z})$
$m_{X\coprod Y|Z}\equiv E[\Lambda\prime I_{X|Z}\otimes A^{\text{ }}I_{Y|Z}]$
( 6) 32
33. $f\in \mathcal{H}_{\mathcal{X}}$ $g\in \mathcal{H}y$
(20) $\langle m_{X\Lambda Y|Z},$ $f\otimes g\rangle_{\mathcal{H}x\otimes \mathcal{H}y}=Ez[E[f(X)|Z]E[g(Y)|Z]]$
$C_{YX|Z}$ : $\mathcal{H}_{\mathcal{X}}arrow \mathcal{H}y$
(21) $\langle g,C_{1’X|Z}f\rangle_{\mathcal{H}_{\mathcal{Y}}}=\langle m_{XY}-m_{X\coprod Y|Z},$ $f\otimes g\rangle_{\mathcal{H}x\otimes \mathcal{H}_{\mathcal{Y}}}$
$ni_{XY}$ $\mathcal{H}_{\mathcal{X}}\otimes \mathcal{H}_{\mathcal{Y}}$ $(X, Y)$
$\langle g,$ $C_{YX|Z}f\rangle_{\mathcal{H}y}=E[f(X)g(Y)]-E[E[f(X)|Z]E[g(Y)|Z]]$









$f\in \mathcal{H}_{\mathcal{X}}$ $g\in \mathcal{H}_{\mathcal{Y}}$
(23) $\langle g,$ $\Sigma_{YX|Z}f\rangle_{\mathcal{H}_{\mathcal{Y}}}=E[Cov[f(X),$ $g(Y)|Z|]$
. $\langle g,$ $\Sigma_{YY}^{1/2}V_{YZ}V_{ZX}\Sigma_{XX}^{1/2}f\rangle_{\mathcal{H}_{\mathcal{Y}}}=E[E[f(X)|Z]E[g(X)|Z]]$
$\Sigma_{ZZ}$ Hilbert-Schmidt $\mathcal{H}_{\mathcal{Z}}$ $\{\phi_{i}\}_{i=1}^{\infty}$



















3.4 Cov $[X,$ $Y|Z|$ $E[Cov[X, Y|Z]]$
$Z$ $X$ $Y$ $X\coprod Y|Z$
$\Sigma_{YX|Z}=O$ $X\coprod Y|Z$
Cov $[Y,$ $X|Z|$ $Z$
3.4 $\langle g,$ $\Sigma_{1’X|Z}f\rangle$ $Z$
$(X, Y, Z)$ $\mathcal{X}\cross \mathcal{Y}$ $E_{Z}[P_{X|Z}\otimes P_{Y|Z}]$





(24) $\Sigma_{YX|Z}=O$ $\Leftrightarrow$ $P_{1’X}=E_{Z}[P_{1’|Z}\otimes P_{X|Z}|$
. 34
$Q=E_{Z}[Px|z\otimes P]’|z]$ $\Sigma_{YX|Z}=O$ 3.4
$f\in \mathcal{H}_{\mathcal{X},g}\in \mathcal{H}_{\mathcal{Y}}$ $E_{Q}[f(X)g(Y)]=E_{P_{X\}^{r}}}[f(X)g(Y)]$
$\mathcal{H}_{\mathcal{X}}\otimes \mathcal{H}_{\mathcal{Y}}$ $\sum_{i=1}^{n}f_{i}g_{i}(f_{i}\in \mathcal{H}_{\mathcal{X}}, g_{i}\in \mathcal{H}_{\mathcal{Y}})$
$\phi\in \mathcal{H}_{\mathcal{X}}\otimes \mathcal{H}_{\mathcal{Y}}$
$E_{Q}[\phi(X, Y)|=E_{P_{XY}}[\phi(X, Y)]$ $k_{\mathcal{X}}k_{\mathcal{Y}}$ $Q=P_{XY}$
$\Sigma_{YX|Z}=O$ $X\coprod Y|Z$
$X$ $Y$ $($X, $Z)$ $(Y,$ $Z)$
3.6. 34
$U=(X, Z)$ $\mathcal{X}xZ$ $k_{\mathcal{U}}=$ $\mathcal{X}$kz
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$l_{\dot{\vee}\mathcal{U}}k_{\mathcal{Y}}$ $(\mathcal{X}\cross \mathcal{Z})\cross \mathcal{Y}$
(25) $\Sigma_{1’U|Z}=O$ $\Leftrightarrow$ $X\coprod Y|Z$
. $A\in \mathcal{B}_{\mathcal{X}},$ $B\in$
$\mathcal{B}_{\mathcal{Y}},$ $C\in \mathcal{B}_{\mathcal{X}}$
$E[E[\chi AxC(X, Z)|Z|E[\chi B(Y)|Z]]-E[\chi AxC(X, Z)\chi B(Y)]$









$\epsilon_{?l}$ $narrow\infty$ $\epsilon_{7l}arrow 0$
$\Sigma_{YX|Z}^{(n)}^{\wedge}$
(26) $\Sigma 1’.;=\Sigma_{YX}^{\wedge}(-\Sigma_{YZ}^{\wedge}(\Sigma_{ZZ}^{(n)}^{\wedge}+\epsilon_{n}I)^{-1_{\Sigma_{Z\backslash }^{(n)}}^{\wedge}}\wedge.$







o Fukumizu et al. (2006) Lemma 7, 10
$\epsilon_{n}arrow 0$ $’\tau\epsilon_{n}^{3}arrow\infty$ $narrow\infty$ $\Vert\Sigma_{\dot{X}Y|Z}^{(n)}^{\wedge}\Vert_{HS}^{2}$ $\Vert\Sigma_{\dot{X}\dot{Y}’|Z}\Vert_{HS}^{2}$
Fukumizu et al. (2008a)





Fukumizu et al. (2008a) o







33 36 $V_{YX}$ $V_{i^{\Gamma}\ddot{x}|Z}$
$(X_{1},$ $Y_{1},$ $Z_{1}),$
$\ldots,$









$\hat{V}_{YX}^{\langle n)},\hat{V}_{Y\lambda|Z}^{(n\underline{)}}$ Hilbert-Sclunidt $\circ$ Hilbert-
Schmidt
(28) $\Vert\hat{V}_{YX}^{(n)}\Vert_{HS}^{2}=b[R_{1’}R_{X}]$ ,
(29) $\Vert\hat{V}_{YX|Z}^{(n)}\Vert_{HS}^{2}=$ $Tr$ $[R_{1’}R_{X}-2R_{Y}R_{X}Rz+R_{1’}RzR_{X}R_{Z}]$ .
$G_{X},$ $G_{Y},$ $G_{Z}$ $R_{X},$ $R_{1’},$ $R_{Z}$
$R_{X}=G_{X}(G_{X}+n\epsilon_{r\iota}I_{n})^{-1},$ $R_{Y}=G\}^{P(c_{Y}+n\epsilon_{r\iota}I_{n})^{-1}},$ $R_{Z}=G_{Z}(G_{Z}+n\epsilon_{n}I_{n})^{-1}$
( ) $\Vert\Sigma_{YX|Z}\Vert_{HS}^{2},$ $\Vert\Sigma_{YX}\Vert_{HS}^{2}$
( ) Hilbert-Schmidt
Hilbert-Schmidt
3.7. $\mu \mathcal{X}$ $\mu_{\mathcal{Y}}$ $(\mathcal{X}, \mathcal{B}_{\mathcal{X}})$ $(\mathcal{Y}, \mathcal{B}_{\mathcal{Y}})$
$P_{d}\chi^{\vee}Y$ $E_{Z}[P_{X|Z}\otimes P_{Y|Z}]$ $\mu \mathcal{X}\cross\mu \mathcal{Y}$ $p_{X1’}$
$p_{X\coprod Y|Z}$ $k_{\mathcal{X}}$ $V_{YX|Z}$
Hilbert-Schmidt
(30)
$\Vert V_{YX|Z}\Vert_{HS}^{2}=//\mathcal{X}\cross \mathcal{Y}(\frac{PXY(x,y)}{px(x)pY(y)}-\frac{p_{X\coprod Y|Z}(x,y)}{px(\prime\iota)pY(y)})^{2_{pX(x)p_{Y}(y)d\mu \mathcal{X}}}d\mu \mathcal{Y}$
$px,pY$ $P_{X},Ph^{2}$
$\mathcal{Z}=\emptyset$
(31) $\Vert V_{1’X}||_{HS}^{2}=//\mathcal{X}xy(\frac{pXY(x,y)}{px(x)pY(y)}-1)^{2_{px(X)pY(y)d\mu \mathcal{X}}}d\mu \mathcal{Y}$
. $\{\phi_{i}\}_{i=1}^{\infty}$ $\{\psi_{j}\}_{j=1}^{\infty}$ $\mathcal{H}_{\mathcal{X}}$ $\mathcal{H}_{\mathcal{Y}}$
$\Sigma_{XX}$ $\Sigma_{1’Y}$ $\Sigma_{XX}\phi_{i}=\lambda_{i}\phi_{i}(\lambda_{i}\geq 0)$ ,
5 $X=Y$ $V_{YX}$ Hilbert-Schmidt
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34 $I_{+}^{X}=\{i\in \mathbb{N}|\lambda_{i}>0\},$ $I_{+}^{Y}=\{i\in N|\nu_{i}>0\}$
$i\in I_{+}^{X},$ $i\in I_{+}^{1^{\nearrow}}$ $\tilde{\phi}_{i}=(\phi_{i}-E[\phi_{i}(X)])/\sqrt{\lambda_{i}},\tilde{\psi}_{j}=(\psi_{j}-$
$E[\psi)j (Y)])$/ (32) 1
$\sum_{i\in I_{+}^{X},j\in I_{+}^{\}}}.\langle\tilde{\psi}_{j},$ $\Sigma_{YX}\tilde{\phi}_{i}\rangle_{\mathcal{H}_{\mathcal{Y}}}^{2}=\sum_{i\in I_{+}^{X},j\in I_{+^{V}}^{\backslash }}.E_{YX}[\tilde{\psi}_{j}(Y)\tilde{\phi}_{i}(X)]^{2}$
$= \sum_{\backslash i\in I_{+}^{z},j\in I_{+}^{\}}}\cdot(//\mathcal{X}x\mathcal{Y}^{pXY(x,y)\tilde{\phi}_{i}(x)\tilde{\psi}_{j}(y)d\mu\chi d\mu y)^{2}}$
$\tilde{\phi}_{0}=1,\tilde{\psi)}0=1$ k$\mathcal{X}$ $y$
3.1 $\{\tilde{\phi}_{i}\tilde{\psi}_{j}\}_{i\in I^{t}\ovalbox{\tt\small REJECT}\{0\},j\in I_{+}^{\}’}\cup\{0\}}$ $L_{2}(P_{X}\otimes P_{Y})$
$+$
$\Vert\frac{px\iota^{r}(x,y)}{px(x)pY(y)}\Vert_{L_{2}(P,.\otimes P_{Y})}^{2}-\sum_{i\in I_{+}^{X}}E[\tilde{\phi}_{i}(X)]-\sum_{j\in I_{+}^{\gamma}}E[\tilde{\psi}_{j}(Y)|-1$





$= \sum_{i\in I_{+}^{\chi},j\in I_{+}^{\gamma}}\langle\cdot\tilde{\psi}_{j},$
$\Sigma_{1’X}\tilde{\phi}_{i}\rangle_{\mathcal{H}_{\mathcal{Y}}}\langle\tilde{\psi}_{j},$ $\Sigma_{Y1’}^{1/2}V_{YZ}V_{ZX}\Sigma_{XX}^{1/2}\tilde{\phi}_{i}\rangle_{\mathcal{H}y}$
$= \sum_{i\in I_{+}^{X},j\in I_{+}^{Y}}E[\cdot\tilde{\psi}_{j}(Y)\tilde{\phi}_{i}(X)]E[E[\tilde{\psi}_{j}(Y)|Z]E[\tilde{\phi}_{i}(X)|Z]]$
$= \sum_{i\in I_{+}^{\chi},j\in I_{+}^{\gamma}}//\mathcal{X}x\mathcal{Y}^{\tilde{\psi}_{j}(y)\tilde{\phi}_{i}(X)pXY(x,y)dd\mu y}\mu \mathcal{X}$
$x//\mathcal{X}x\mathcal{Y}^{\tilde{\psi}_{j}(y)\tilde{\phi}_{i}(x)px\coprod Y|z(x,y)d\mu\chi d\mu y}$
$=i \in I^{\iota},j\in I_{+}^{\gamma}\sum_{\dotplus}(\tilde{\psi}_{j}\tilde{\phi}_{i},$
$\frac{pXY}{pxpY})_{L_{2}(P\backslash \cdot\otimes P_{Y})}(\tilde{\phi}_{i}\tilde{\psi}_{j},\frac{p_{J}v\coprod Y|Z}{pxp\gamma})_{L_{2}(P_{X}\otimes P_{Y})}$
1
$-2( \frac{pxl’}{pxp1’},\frac{p_{X^{\vee}\coprod Y|Z}}{p_{-\backslash }\prime pY})_{L_{2}(P_{X}\otimes P_{Y})}+2$
(32) 3
2




(31) Mean square contingency (R\’enyi, 1970)
Fukumizu et al. (2008a)
$\epsilon_{n}arrow 0$ $n^{3}\epsilon_{n}arrow\infty$ $(narrow\infty)$






$\Vert V_{YX}\Vert_{H8}^{2}=/(\frac{px\}’(x,y)}{px^{-}(x)p\}’(y)}-1)pX1’(x, y)d\mu \mathcal{X}(x)d\mu \mathcal{Y}(y)$
MI$(X, Y)=//\mathcal{X}x\mathcal{Y}^{PXY(x,y)\log\frac{px\}’(x,y)}{p\lambda’(x)p_{1’}(y)}d\mu \mathcal{X}(x)d\mu y(y)}$
Mean squre contingency
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